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Before we start,
²Ƙȅ ΨƘǳƳŀƴƻƛŘΩ ǊƻōƻǘǎΚ
Why walking machines?
Why biped walking machines?



Events that spur innovation in humanoid robots

Å DARPA Robotics Challenge 2013-15
Å Tasks:

1. Drive a utility vehicle at the site.

2. Travel dismounted across the rubble.

3. Remove debris blocking an entryway.

4. Open a door and enter a building.

5. Climb an industrial ladder and traverse an industrial walkway.

6. Use a tool to break through a concrete panel.

7. Locate and close a valve near a leaking pipe.

8. Connect a fire hose to a standpipe and turn on a valve.

ÅΨRobocupAdultSize[ŜŀƎǳŜΩ ǘŜŀƳǎ
Å Notably, all the participating robots have the ability to stand up from a fallen position
Å Conference:https://link.springer.com/conference/robocup

Å FIRA
Å Robot sports
Å Founded by Prof. Jong-Hwan Kim, KAIST, Korea in 1996 ςis the oldest robot soccer competition in the world.

Saeedvand, S., Jafari, M., Aghdasi , H., & Baltes, J. (2019). A comprehensive survey on humanoid robot development. The Knowledge Engineering Review,34, E20. 
doi:10.1017/S0269888919000158

https://link.springer.com/conference/robocup


State-of-the-art humanoids

ASIMO HRP-
5/4/3/ 2

ATLAS TORO LOLA Valkyrie

Honda, 
Japan

Kawada 
Robotics, 
AIST Japan

Boston 
Dynamics, 
USA

DLR RM, 
Germany

TU Munich, 
Germany

NASA,
USA

Å CoMAN
Å (iit, Italy)
Å SARCOS

(CMU)
Å HUBO

(KAIST)
Å TALOS 

(Spain)
Å RH5(DFKI, 

Germany)
Å WABIAN -

2R (U. 
Waseda, 
Japan)

Å AR-600
(RUSSIA)

DOF 57 (31+26) 30 (28+2) 28 39 (27+12) 26 (has toe) 44

Actuation Electric Electric Hydraulic Electric Electric Electric

Height 1.3 m 1.54 m 1.5 m 1.74 m 1.76 m 1.90 m

Weight 50 kg 58 kg 89 kg 76 kg 68 kg 125 kg

Speciality The first high DOF 
full-body 
humanoid

Open-source 
project. Oldest 
robot to stand up 
from fall on flat 
ground

Amazing acrobatic 
skills, 
high power: weight 
ratio

Torque controlled,
Safe to work along 
with humans

Multi-contact locomotion
(locomotion while taking 
support)

Compliant actuators with 
series elastic actuators

Source: https://robots.ieee.org/robots/



Bipedal Humanoid Hardware Design: a Technology Review

Ficht, G., Behnke, S. Bipedal Humanoid Hardware Design: a Technology Review.CurrRobot Rep2, 201ς210 (2021). https://doi.org/10.1007/s43154-021-00050-9

Prime movers:
1. Electric motor
2. Hydraulic actuator
3. Pneumatic actuator
4. Pneumatic muscle

Transmission:
1. Gearbox
2. Harmonic drive
3. Series elastic element
4. Tendon drive
5. Mechanism

Sensing:
1. Joint encoder
2. Torque sensors
3. Force sensors
4. IMU
5. Lidar
6. Stereo camera
7. RGB&D camera



Kinematics & Dynamics

Single support phase (SSP) Serial/ tree type open chain #DOF =#Actuators

Double/ multiple support phase Closed single/ multiple loop chain Redundantly actuated

Flight phase Floating body Underactuated 

Sarkar, A., & Dutta, A. (2015). 8-DoF biped robot with compliant-links.Robotics and Autonomous Systems,63, 57-67. 

Ghosal A. (2006) Robotics: Fundamental Concepts and Analysis (pp. 151-219), New Delhi, Oxford University Press.

ÅHumanoids can be described either as an open-loop/tree-type or closed-loop or a 
floating multi-body system (with possible internal closed loops)
ÅKinematics

ÅOpen-loop / tree-type
ÅForward kinematics (FK) has a unique solution, expressions in closed form
ÅInverse kinematics (IK) has multiple branches

ÅClosed-loop
ÅFK has multiple branches
ÅIK has multiple branches



ÅThe problem can be classified as a hybrid dynamics problem

ÅEquations are presented here in the Lagrangianform.
1. Fixed base system

ÅThe humanoid has different equations in different phases
ÅSingle stance phase

ÅDouble stance/ multi-contact phase

ÅRheonomic constraints ɮὸare encountered in the case of compliant bodies
ÅAbove equations are derived assuming bilateral constraints
ÅAn n-DOF system holonomic constraints only can be modelled in n generalised coordinates
ÅAn n-DOF system non-holonomic constraints need n+1 generalised coordinates

2. Floating base system
ÅSuitable for tree-type systems
ÅWe will see more on this later in the presentation

Ghosal. (2006) Robotics: Fundamental Concepts and Analysis (pp. 151-219), New Delhi, Oxford University Press.
Greenwood, D. T. (1988).Principles of dynamics(pp. 239-298). Englewood Cliffs, NJ: Prentice-Hall.

Kinematics & Dynamics



Robot link pose, velocity 
and acceleration

Joint angles 
velo. & acc.

Actuation 
torques

Inv. Kin. Inv. Dyn.
Algebraic equations

Fwd. Kin. Fwd. Dyn.
ODEs/ DAEs

Luh, J. Y. S., Walker, M. W., and Paul, R. P. C. (June 1, 1980). "On-Line Computational Scheme for Mechanical Manipulators." ASME.J. Dyn. Sys., Meas., Control. June 1980; 102(2): 69ӛ
76.https://doi.org/10.1115/1.3149599
Featherstone R. (2008) Dynamics of Rigid Body Systems. In: Rigid Body Dynamics Algorithms. Springer, Boston, MA. https://doi.org/10.1007/978-1-4899-7560-7_3

Inverse dynamics
Å Estimating required actuator torques/ forces for a planned motion
Å Required in feed-forward control strategies
Å Algorithms

Å Recursive NE algorithm
Forward dynamics
Å Simulate physics without conducting physical experiments
Å Predict motion faster than real-time (to avoid falls?)
Å Required in computed torque control
Å Algorithms

Å Inertia Matrix methods: Joint-space Inertia Matrix method, Composite Rigid Body algorithm
Å Propagation methods: Articulated Rigid-Body algorithm

Å.Ŝǎǘ ƻŦ ǘƘŜ ŀƭƎƻǊƛǘƘƳǎ ŦƻǊ ŦƻǊǿŀǊŘ ŀƴŘ ƛƴǾŜǊǎŜ ŘȅƴŀƳƛŎǎ ŀǊŜ ŘƻŎǳƳŜƴǘŜŘ ƛƴ ǘƘŜ ōƻƻƪ ΨwƛƎƛŘ .ƻŘȅ 5ȅƴŀƳƛŎǎ !ƭƎƻǊƛǘƘƳǎΩ ōȅ 
Prof Roy Featherstone.

Kinematics & Dynamics

https://doi.org/10.1115/1.3149599


M. A. Ali, H. Andy Park and C. S. G. Lee, "Closed-form inverse kinematic joint solution for humanoid robots,"2010 IEEE/RSJ International Conference on Intelligent Robots and Systems, 2010, pp. 
704-709, doi: 10.1109/IROS.2010.5649842.
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Forward Kinematics using (original)DH convention

Closed-Form Inverse Kinematic Joint Solution for Humanoid Robots

Inputs: Position and orientation of end effector w.r.t hip/reference frame



Closed-Form Inverse Kinematic Joint Solution for Humanoid Robots

M. A. Ali, H. Andy Park and C. S. G. Lee, "Closed-form inverse kinematic joint solution for humanoid robots," 2010 IEEE/RSJ International Conference on Intelligent Robots and 

Systems, 2010, pp. 704-709, doi: 10.1109/IROS.2010.5649842.

Contribution:
Å Closed-form inversekinematicsfor certainfull-bodyhumanoids
Å ά¢ƘŜnovelty here is to observethe intersectionof 3 adjacentjoint axesin

the kinematic chain for decoupling the robotic arm/leg system into
positioningandorientationsubsystemsfor solvingits joint solution.έ

Å Stepsto the solution
1. Provide0A6

2. Compute¢Ω= (0A6)
-1

3. Solvethe simple inverse kinematicsproblem to find out actuation
variables—

4. Detectsingularities
1. — πÏÒ“
2. — π
3. Abovetwo casesoccurringtogether

5. Choosethe properbranchof solution

6. Achieve0A6 usingchosen—

In the double support phase/ multi-contact phase,a consistentposemust be
suppliedfor the IKproblemsatisfyingthe loop closureconstraints.
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A survey: dynamics of humanoid robots

TomomichiSugihara & MitsuharuMorisawa(2020)A survey: dynamics of humanoid robots,Advanced Robotics,34:21-22,1338-1352,DOI:10.1080/01691864.2020.1778524

Trunk | L arm | R arm | L leg | R leg | Head

Corners of the support polygon

(6+n+3Nc) x (6+n+3Nc +3Nc)

(6+n+3Nc +3Nc) x 1

(6+n+3Nc) x 1

ὖ

’
Ὢ

Robot extremity

Surface in contact

ÅTime evolution is described by a differential inclusion
ÅThe problem can be converted to LCP (when ‘ ‘)  and solved
ÅThe field of study is: Non-smooth/ hybrid mechanics (e.g. a bouncing ball)

Rigid surfaces in contact

Discretize

3Nc independent equalities

Kinematics The equation of motion

(6+n) x 1

https://doi.org/10.1080/01691864.2020.1778524


A survey: dynamics of humanoid robots

TomomichiSugihara & MitsuharuMorisawa(2020)A survey: dynamics of humanoid robots,Advanced Robotics,34:21-22,1338-1352,DOI:10.1080/01691864.2020.1778524

Centroidal Momentum Matrices (CMM)

Centroidal dynamics

ÅThese relations are important for full-body motion 
planning and control without affecting the gross 
motion of the robot

ÅDynamical requirements keep changing due to varying structure
ÅAll motion requirements may not be satisfiable due to limitation 

on contact forces
ÅStack of Tasks (SoT): Motions need to be prioritized. E.g., 

balancing vs performing a task
ÅPrioritized Motion Resolution: Computing joint torque 

requirements based on SoT

When the robot is in air:

Overview of humanoid motion resolution:

https://doi.org/10.1080/01691864.2020.1778524


A survey: dynamics of humanoid robots

TomomichiSugihara & MitsuharuMorisawa(2020)A survey: dynamics of humanoid robots,Advanced Robotics,34:21-22,1338-1352,DOI:10.1080/01691864.2020.1778524

Control frameworks for the synthesis of full-body motion:

A. Method I: Generalized Inverse dynamics/ dynamics filter
ÅDefine trajectories of CoM and joints based on SoT. Generate 

the required values of accelerations
ÅCompute joint torques and contact forces using EoM.

B. Method II
Å Desired contact force is determined. 
Å They are considered as intermediate i/p to the system and 

joint torques are determined (either using  EoMor its 
simplifications)

C. Method III: Resolved motion rate control/ momentum control
Å CoM trajectory is determined using the CoM-ZMP model 

taking into account bounds on contact forces
Å Consistent joint angle trajectories are resolvedand joint 

torques required for tracking the same are computed

Å A and B need torque controllable actuators. 
Å C has a longer history of implementation and low-back drivable 

position-controlled actuators can be used

Challenges and active areas of research

Å Exhaustive dynamic modelling of the humanoid robot including 
all non-linear effects

Å Handling the transition from contact to non-contact
Å Exploring motion resolution methods
Å ¦ƴŘŜǊǎǘŀƴŘƛƴƎ ƘǳƳŀƴǎΩ Ƴƻǘƛƻƴ ǎƪƛƭƭ ŀƴŘ ƛƳǇƭŜƳŜƴǘƛƴƎ ǘƘŜ 

same

https://doi.org/10.1080/01691864.2020.1778524


Hybrid Dynamics: Solving Equations of Motion with Contact and Impact

Featherstone R. (2008) Contact and Impact. In: Rigid Body Dynamics Algorithms. Springer, Boston, MA. https://doi.org/10.1007/978-1-4899-7560-7_11

Equations of motion of a rigid-body system in joint space, 
subject to multiple frictionless point contact constraints

Where,
‒is the contact separation velocity
╗is the joint space/ generalized inertia matrix
▲is a vector of (independent) joint space/generalized variables
╒is the vector of joint space/ generalized bias force
Ⱳis the vector of generalized (non-conservative) forces
▪ is the 6D unit force acting along the contact normal
◄is ▪ contact normal transformed in the joint space 
ⱦis the vector of scalars (Lagrange multipliers)

Where,
Simulation procedure:
1. Integrate forward in time, treating active contacts as equality 

constraints
2. Monitor the system for two kinds of events: geometric events 

(contact gains and losses) and negative contact forces.
3. If one or more such events are detected during the most recent 

integration step, then interpolate the system back to the moment 
of the earliest event.
Å If the event is a contact gain (e.g. a collision), then apply 

impulsive dynamics and identify the new set of current 
contacts and the new set of active contacts.

Å If the event is a negative contact force, then formulate and 
solve and identify the new sets of current and active contacts.

Å If the event is a geometric contact loss, then remove the lost 
contacts from the sets of current and active contacts.

4. Go to step 1.

Constraint eq. double differentiated. 



Zero-Moment Point - Thirty Five Years of its Life

±ǳƪƻōǊŀǘƻǾƛŏ, Miomir, and Branislav Borovac. "Zero-moment pointτthirty five years of its life." International journal of humanoid robotics 1, no. 01 (2004): 157-173.
±ǳƪƻōǊŀǘƻǾƛŏ, Miomir, Branislav Borovacand Dragoljub {ǳǊŘƛƭƻǾƛŏΣ ά½ŜǊƻ-Moment Point ςtǊƻǇŜǊ LƴǘŜǊǇǊŜǘŀǘƛƻƴΦέ ¦{/ bŜǳǊƻǎŎƛŜƴŎŜΣ мκмфκнллп

Background:
ÅBipedhumanoidrobot is a tree type open-chainmechanismwith all joints actuatedexcept

the one joint-- betweenthe foot andthe ground
ÅIt cantopple in presenceof strongdisturbances
ÅThe foot cannot be controlled with a DOF,but indirectly by ensuring the appropriate

dynamicsof the mechanismabovethe foot.
ÅThus, the overall indicator of the mechanical behaviour is the point where the influence of all 

forces acting on the mechanism can be replaced by one single force. This point was termed 
the Zero-Moment Point (ZMP).

Active forces & moments

V Gravitational force

V External disturbance

V Inertial force at CoM of 

the humanoid ά╪

× Joint torques

× Any other internal 

forces & moments
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±ǳƪƻōǊŀǘƻǾƛŏ, Miomir, and Branislav Borovac. "Zero-moment pointτthirty five years of its life." International journal of humanoid robotics 1, no. 01 (2004): 157-173.
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Assumptions:
1. Single-support phase (for this derivation)
2. Contact area is planar
3. Complete foot is in contact with the ground
4. Enough static friction is available so that the foot is at rest

Equations of static equilibrium for the foot
Find OP

Zero-Moment Point - Thirty Five Years of its Life



P. Sardain and G. Bessonnet, "Forces acting on a biped robot. Center of pressure-zero moment point," in IEEE Transactions on Systems, Man, and Cybernetics - Part A: Systems 

and Humans, vol. 34, no. 5, pp. 630-637, Sept. 2004, doi: 10.1109/TSMCA.2004.832811.

Forces Acting on a Biped Robot. Center of PressureτZero Moment point

Consider any point ὖon the sole
Moment of the forces acting at ὖabout ὗ

A point Q where ὓ is zero,ὗᴼὅ

Always in plane
(Tilting moment)

Always Ṷto the plane

Total normal GRF and its moment aboutὗ

Total tangential GRF and its moment aboutὗ COP ὅ(ɝ) can be defined as a point (axis) 
where the moment of contact forces is 
purely perpendicular to the sole 
(no tilting component)

Ὀis the ZMP

Gravito-inertial 
wrench

Contact wrench

ɝ is an axis where the moment of 
gravito-inertial forces is purely Ṷthe sole

ὓ

Horizontal component of GIW is zero



Similarly, coordinates of ZMPcan be derived as:

Moments are written about general point Q

Dynamic equilibrium
5Ω!ƭŜƳōŜǊǘΩǎ ŦƻǊƳ

P. Sardain and G. Bessonnet, "Forces acting on a biped robot. Center of pressure-zero moment point," in IEEE Transactions on Systems, Man, and Cybernetics - Part A: Systems 

and Humans, vol. 34, no. 5, pp. 630-637, Sept. 2004, doi: 10.1109/TSMCA.2004.832811.

Computation of COP-ZMP

We have sensors providing us Ὑ and we can compute ὓ . 
Find CoPusing this data--
Using vector triple product identity:

Newton-Euler equations of motion (about CoM):

Forces Acting on a Biped Robot. Center of PressureτZero Moment point

COP-ZMP coincidence can be seen easily from the N-E equations

The result is true even when multiple contacts are made with the same 
flat surface.

The biped is dynamically balanced if the contact forces and the gravity-
inertia forces are strictly opposite

O



±ǳƪƻōǊŀǘƻǾƛŏ, Miomir, and Branislav Borovac. "Zero-moment pointτthirty five years of its life." International journal of humanoid robotics 1, no. 01 (2004): 157-173.
KajitaS., HirukawaH., Harada K., Yokoi K. (2014) ZMP and Dynamics. In: Introduction to Humanoid Robotics. Springer Tracts in Advanced Robotics,vol 101. Springer, Berlin, Heidelberg. 
https://doi.org/10.1007/978-3-642-54536-8_3

ZMP cannot be used:
Å to detect foot slip
Å when the ground is not flat
Å when the arms of the robot are in contact with the 

environment

Future directions:
Å Assume more realistic high DOF models
Å Model the simplified dynamics phenomena in greater 

detail
Å Better foot-ground contact modelling
Å Foot split in two links with a stiff connection rather than 

a single rigid foot
Å Incorporate elasticity in joint actuation. Inclusion of 

active stiffness.
Å Achieve force-position control of the elastic 

actuators
Å Generate continuous transition of ZMP from SSP to DSP 

and vice versa.
Å Strategies to tackle dynamically interacting ground.
Å Progress in building General Humanoid Dynamics 

simulators like V-HRP

How to use ZMP in biped motion?
1. Gait synthesis
2. Gait analysis

Å Compute the position of the ZMP using the expressions 
Å If the ZMP belongs to the interior of the support polygon, it exists. Distance of the 

ZMP from the polygon boundary is a measure of stability of the humanoid
Å LŦ ½at ŜȄƛǎǘǎ ŀǘ ŀƭƭ ǘƛƳŜǎ ŘǳǊƛƴƎ ŀ ƎŀƛǘΣ ǘƘŜƴ ǘƘŜ Ǝŀƛǘ ƛǎ ΨŘȅƴŀƳƛŎŀƭƭȅ ōŀƭŀƴŎŜŘΦΩ Lƴ ǎǳŎƘ 

cases ZMP == CoP.
Å ½at ƛǎ ƎŜƴŜǊŀƭƭȅ ŎƻƳǇǳǘŜŘ ŦǊƻƳ ǘƘŜ ΨƻǘƘŜǊ ǎƛŘŜΣΩ ƛΦŜΦΣ /ƻt ƛǎ Ŝŀǎȅ ǘƻ ŎƻƳǇǳǘŜ
Å Emergency strategies in the case foot areal contact shifts only to an edge:

Å Generate internal moment such that the value of R shoots up. This requires huge 
real-time computations.

Å Extend other limbs (stepping ahead & lean against the help of arms)
Other cases:
Å Ballet gait
Å Unbalanced gait

Zero-Moment Point - Thirty Five Years of its Life



Assumptions:
Å Robot mass concentrated at the CoM, masses legs, passive pivot joint at ground
Å The robot motion is constrained to the sagittal plane X-Z
Å The inputs of the pendulum are the torque ̱ at the pivot and the kick force f at 

the prismatic joint along the leg.
Key concepts:
Å Gravity compensationto the ideal model of a biped
Å Linear trajectory (not necessarily horizontal) of the CoMleads to a linear 

differential equation describing the system. 
Å A conserved quantity named Orbital Energy is derived for the linear trajectories

KajitaS., HirukawaH., Harada K., Yokoi K. (2014) Biped Walking. In: Introduction to Humanoid Robotics. Springer Tracts in Advanced Robotics, vol 101. Springer, Berlin, Heidelberg. 
https://doi.org/10.1007/978-3-642-54536-8_4

The 2D inverted pendulum model of humanoid

(Condition for horizontal linear motion of CoM)

Intuitively, we can say the pendulum is keeping the CoMheight by extending 
its leg as fast as it is falling. We call this the Linear Inverted Pendulum mode

EoMin polar 
coordinates:

(Linear motion of CoM, zero ankle torque)



KajitaS., HirukawaH., Harada K., Yokoi K. (2014) Biped Walking. In: Introduction to Humanoid Robotics. Springer Tracts in Advanced Robotics, vol 101. Springer, Berlin, Heidelberg. 
https://doi.org/10.1007/978-3-642-54536-8_4

Orbital energy

Å The sign of orbital energy can tell whether a step will be successful or not (CoMwill 
pass through or not). 

Planning a simple biped gait:
Å Support leg exchange happens instantaneously
Å The final speed of the previous support phase = the initial speed of the new 

support phase.
Å Orbital energy may not be necessarily conserved during stepping

or

The 2D inverted pendulum model of humanoid



KajitaS., HirukawaH., Harada K., Yokoi K. (2014) Biped Walking. In: Introduction to Humanoid Robotics. Springer Tracts in Advanced Robotics, vol 101. Springer, Berlin, Heidelberg. 
https://doi.org/10.1007/978-3-642-54536-8_4
S. Kajita, F. Kanehiro, K. Kaneko, K. Yokoi and H. Hirukawa, "The 3D linear inverted pendulum mode: a simple modelingfor a biped walking pattern generation," Proceedings 2001 IEEE/RSJ 
International Conference on Intelligent Robots and Systems, 2001, pp. 239-246 vol.1, doi: 10.1109/IROS.2001.973365.

The 3D inverted pendulum model of humanoid

Assumptions:
Å Modelling for single support phase
Å The supporting point is a passivespherical joint. This
Å The pendulum consists of a point mass
Observations:
Å A 3D LIP is a mere concatenation of two 2D LIP. This allows 

separate controller design for the Sagittal and the Lateral 
planar motions

Motion constraint

Acceleration constraint

Equations of motion:

(With zero ankle torque)Equations of motion:

(3D LIP with zero ankle torque)

Equations of motion

In cartesian coordinates

In the most general case

Force required to 

maintain the constraints

https://doi.org/10.1007/978-3-642-54536-8_4


KajitaS., HirukawaH., Harada K., Yokoi K. (2014) Biped Walking. In: Introduction to Humanoid Robotics. Springer Tracts in Advanced Robotics, vol 101. Springer, Berlin, Heidelberg. 
https://doi.org/10.1007/978-3-642-54536-8_4
S. Kajita, F. Kanehiro, K. Kaneko, K. Yokoi and H. Hirukawa, "The 3D linear inverted pendulum mode: a simple modelingfor a biped walking pattern generation," Proceedings 2001 IEEE/RSJ 
International Conference on Intelligent Robots and Systems, 2001, pp. 239-246 vol.1, doi: 10.1109/IROS.2001.973365.

Generating walking pattern in 3D
Å Assume simultaneous support exchange in x as well as y directions

Walk primitive
Å A trajectory symmetric about y axis is generated
Å With ╔◐negative and ╔●positive it turns out to be a segment of hyperbola

Å It is defined by the terminal position Ӷὼȟώ

The 3D inverted pendulum model of humanoid

https://doi.org/10.1007/978-3-642-54536-8_4


Equations of motion of the point mass are:

Biped approximated as 
a 2D inverted pendulum

A possible trajectory of the point mass 
and the ZMP during dynamic walking

Control of Walking Robots Based on Manipulation of the Zero Moment Point

Inertia force

ZMP

Mitobe , K., Capi, G., & Nasu, Y. (2000). Control of walking robots based on manipulation of the zero moment point. Robotica, 18(6), 651-657. doi:10.1017/S0263574700002708

Consider ZMP motion ɻόǘύ at a constant velocity 
given by:

Definition of ZMP gives us:

LIPM case: 
Recall the homogeneous solution:

Particular solution:

Control:ώ Ὤ and ὼ ὼ

Actuation signal: ZMP ‏
Assumptions:
1. ZMP can lie anywhere in the contact patch
2. Arbitrarily positive force Ὢand Ὢcan be 

applied once ZMP is inside some bounded 
stable region.

Control dynamic walking of a biped without prescribing the ZMP trajectory. Instead, the reference position of the trunk of the robot is specified.
The objective of the proposed method is to obtain a smooth and soft motion based on real-time feedback control.

Control law:

Control law:



Mitobe , K., Capi, G., & Nasu, Y. (2000). Control of walking robots based on manipulation of the zero moment point. Robotica, 18(6), 651-657. doi:10.1017/S0263574700002708

Control of Walking Robots Based on Manipulation of the Zero Moment Point



Control of Walking Robots Based on Manipulation of the Zero Moment Point

Mitobe , K., Capi, G., & Nasu, Y. (2000). Control of walking robots based on manipulation of the zero moment point. Robotica, 18(6), 651-657. doi:10.1017/S0263574700002708

A biped model with 
two motors with 
encoders in each leg

A biped model with 
prismatic actuation with 
rack-and-pinion and a 
motor at the ankle

Shortcomings:
Å Formulation assumes massless legs.
Å Insufficient stability during the walk. The robot fell down after a few steps.
Å Different ZMP interval was needed for each step, i.e., the experiment was not satisfactorily repeatable.
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Capture Point: A Step toward Humanoid Push Recovery

A humanoid robot can maintain its balance on being pushed in three ways-
Å adjust its CoP (mainly ankle torque), 
Å generate internal angular momentum (hip flexing, windmilling arms etc) and 
Å taking a step
Simplified model assumptions
Å All the assumptions of the 2D inverted pendulum model. The model now has a flywheel at the 

CoM.No torque at the ankle.
Capture point gives us a principled approach on where to take a step

For linear motion of CoM

Unique Capture point for LIP:
(No flywheel motion)

Orbital Energy for LIP:

Recall

On vanishing the Orbital Energy for 
the next step we get:

bƻǿΣ ŎƻƴǎƛŘŜǊ ŦƭȅǿƘŜŜƭ Ҍ [Lt ƳƻŘŜƭΥ ¢ƘŜ ǎƻƭǳǘƛƻƴ ƛǎ ƴƻ ƳƻǊŜ ǳƴƛǉǳŜΦ LǘΩǎ ŀ ǊŜƎƛƻƴ



Source: https://scaron.info/robot-locomotion/capture-point.html

Capture Point and Divergent Component of Motion (DCM)

Recall



The bang-bang torque profile gives us the quickest stop:

The solution for capture point -x0 then is

The other boundary of the Capture Region is obtained using
the torque limit m̱in

J. Pratt, J. Carff, S. Drakunov and A. Goswami, "Capture Point: A Step toward Humanoid Push Recovery," 2006 6th IEEE-RAS International Conference on Humanoid Robots, 

2006, pp. 200-207, doi: 10.1109/ICHR.2006.321385.

Capture Point: A Step toward Humanoid Push Recovery (contdΧύ

Generate Impulsive torque causing an instantaneous angular velocity change

Capture Region based on torque-limited and angle-limited flywheel

Instantaneous change in the angular position of the flywheel

Capture Region based on ideal cases:

Useful upper bounds to the capture region



J. Pratt, J. Carff, S. Drakunov and A. Goswami, "Capture Point: A Step toward Humanoid Push Recovery," 2006 6th IEEE-RAS International Conference on Humanoid Robots, 

2006, pp. 200-207, doi: 10.1109/ICHR.2006.321385.

Capture Point: A Step toward Humanoid Push Recovery (contdΧύ

Pushed

No step required

Walking to stop
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Energy Management Through Footstep Selection For Bipedal Robots

Capture Point based stepping on uneven terrain.Passive planar non-linear inverted pendulum (NIP) model
New concept: Curve of Equal Energy

Continuous dynamics:

Impact Dynamics: ╛about the touchdown pt. is conserved
Gives us ○ from ○

Curve of capture: Ὁ Ὗ

Curve of Equal Energy: Ὁ Ὁ orὺ ὺ
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2020, doi: 10.1109/LRA.2020.3003235.

Energy Management Through Footstep Selection For Bipedal Robots

Results:

Avenues for further work:
Å Extend to 3D walking
Å Extend the work to AMPM



Reaction Mass Pendulum (RMP): An explicit model for centroidal angular momentum of 
humanoid robots

S. -H. Lee and A. Goswami, "Reaction Mass Pendulum (RMP): An explicit model for centroidal angular momentum of humanoid robots," Proceedings 2007 IEEE International 

Conference on Robotics and Automation, 2007, pp. 4667-4672, doi: 10.1109/ROBOT.2007.364198.

Å Inverted pendulum models ignore the significant centroidal inertia
Å Angular momentum control is essential in maintaining the balance of a full-body 

humanoid robot
Å Planar RMP model: five generalized coordinates
Å Composite Rigid Body (CRB) inertia ╘(about CoM):

Equations of motion for planar RMP model:

11 DOF 5 DOF

It is Instantaneous generalized 
inertia, assuming that all of its 
joints are frozen.



Solve for the
eigenvalues & 
eigenvectors

S. -H. Lee and A. Goswami, "Reaction Mass Pendulum (RMP): An explicit model for centroidal angular momentum of humanoid robots," Proceedings 2007 IEEE International 

Conference on Robotics and Automation, 2007, pp. 4667-4672, doi: 10.1109/ROBOT.2007.364198.

Equimomental inertia ellipsoid (about a reference point)
1. Ellipsoid with uniform density = mean density of the robot
2. Rotational inertia about any axis same as that of the robot (at that instant)
Robot O RMP is a mapping to lower dimensions

Ὅ Ὅ Ὅ

Ὅ Ὅ Ὅ

Ὅ Ὅ Ὅ
Rotational inertia of 

the humanoid

„ π π
π „ π
π π „

Principle moments of 
inertia

The CRB Inertia Jacobian and Inertia shaping:
Find variation of the inertia w.r.t. the joint coordinates
Control the aggregate dynamics of an articulated chain by controlling its CRB inertia

We cannot arbitrarily specify ▲always
1. The free-floating
2. Single support
3. Double support

Take proper pose while achieving the desired CRB inertia

Reaction Mass Pendulum (RMP): An explicit model for centroidal angular momentum of 
humanoid robots



M. Abdallah and A. Goswami, "A Biomechanically Motivated Two-Phase Strategy for Biped Upright Balance Control," Proceedings of the 2005 IEEE International Conference on Robotics and 
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A Biomechanically Motivated Two-Phase Strategy for Biped Upright Balance Control

Atwo-phase control strategy for robust balance maintenance under a force disturbance is presented
Å Phase 1: The reflex phase in which the body generates a rapid movement to absorb a disturbance force
Å Phase 2: The body attempts to recover its original posturein the recovery phase

Stability of upright stance/ Home position controllability
Å CoP ɴ interior of the foot ᵼ the system has the flexibility to withstand a perturbation
Å CoP ɴ boundary ᵼLoss of a degree of controllability and the system becomes under-actuated 

Objective: Maintain ●╟while generating internal angular momentum

ὲ

Note:

Position of CoP-ZMP

Momentum controller:
Produce Ὄ and regulateὒ

Absorbing the disturbance: The reflex phase

Find required
Joint torques
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A Biomechanically Motivated Two-Phase Strategy for Biped Upright Balance Control

Shortcomings and avenues for extension:
Å The concept has been illustrated on a very low-DOF robot without applying realistic joint and torque limits.
Å The controller starts right at the moment disturbance force is applied. There would be a lag in a real system.
Å The concept can be tested further on a three-dimensional high-DOF robot.
Å The control strategy can be expanded further to analyse the usefulness of including an active toe link in the humanoid (referto prev. slide)

Å Toppling force for the stiff robot: 96 N. 
Å Toppling force with the controller: 300 N for a duration of 0.1 

seconds 

Going back to the home position: The recovery phase
Å Minimize the joint torques due to gravity in the 

home position, i.e., minimizeὋ , which also means 
finding a stationary point of ὠ maximizing ὠ

The Gradient method: maximize the potential energy

The Hessian method: minimize the gradient (is zero at an extremum)

Full simulation:



Å Refocus attention to centroidal dynamics, i.e. write quantities like linear & angular momentum of the robot in the CoM frame
Å Introduction of novel concept: Average Spatial Velocity
Å Develop O(N) algorithm to compute quantities associated with centroidal dynamics such as Centroidal Momentum Matrix
Å Momentum-based balance control that directly employs CMM and its advantages

No internal motion

Centroidal dynamics of a humanoid robot

Orin, D.E., Goswami, A. & Lee, SH. Centroidal dynamics of a humanoid robot.AutonRobot35,161ς176 (2013). https://doi.org/10.1007/s10514-013-9341-4
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Centroidal CRBI



Ådim(ctrl inputs) = dim(▲╟) > dim(states to be controlled) = 6

ÅBalancing against external disturbances or balancing on non-
stationary ground problem is tackled via momentum control 
instead of directly controlling the CoM pose.

ÅOptimal control problem- minimize the following qty:

Further details on control strategy are discussed in another article

Centroidal dynamics of a humanoid robot

Orin, D.E., Goswami, A. & Lee, SH. Centroidal dynamics of a humanoid robot.AutonRobot35,161ς176 (2013). https://doi.org/10.1007/s10514-013-9341-4

Postural balance control using Centroidal Momentum
Set point regulation problem:

Maintain position & spatial (6D) velocity of the CoM

O(N) Algorithm for 
computation of CMM

N = d.o.f

The processdoes not seem to be of O(N)
for constraineddynamics(whichis the most
encounteredcase!)

Writing centroidal momentum of the robot in presence of constraints



One to one correspondence betn

Spatial momentumand GRF-CoP

A momentum-based balance controller for humanoid robots on 
non-level and non-stationary ground

Lee, SH., Goswami, A. A momentum-based balance controller for humanoid robots on non-level and non-stationary ground.AutonRobot33,399ς414 (2012). 
https://doi.org/10.1007/s10514-012-9294-z

* In the double support phase, 
since the robot becomes redundantly actuated,
the ankle torques are minimized while retaining all 
the other constraints

Feedback control policy:

*

Gap: Robust controller that can deal with:
ÅDiscrete and non-level foot support
ÅLarge unexpected and unknown disturbance
ÅMoving support
ÅSlip and trip

A specified rate of change of spatial momentumis 
used to define the control objectives

The motion is adheres to these constraints:
1. ZMP ɴ the interior of the support region
2. Normal GRF is always non-negative
3. Tangential GRF satisfies the friction limit
GRFs and CoP are computed for each leg separately

Equations of motion:

Control Strategy:

Postural balance: desired momenta set zero.

What happens when one of the said constraints is 
violated? P.T.O.

CoMdynamics

Loop closure constraints

1 2 3

https://doi.org/10.1007/s10514-012-9294-z


1 Admissible foot GRFand CoP
A. Single support case:

i. Find the GRF--█
ii. Solve for ὴȟὴ

B. Double support case:
Find GRF-CoP separately for each foot

Split the contributions due to GRF and ankle torque

Lee, SH., Goswami, A. A momentum-based balance controller for humanoid robots on non-level and non-stationary ground.AutonRobot33,399ς414 (2012). 
https://doi.org/10.1007/s10514-012-9294-z

A case where ▐ ▓ȟ■ leads to a fall:

In this paper preservation of ■ is given higher
priority as it allows for posture maintenance 
without stepping.

Gap:Design a smart controller take appropriate 
decision based on 
Å Environment conditions
Å Status of the robot

A momentum-based balance controller for humanoid robots on 
non-level and non-stationary ground

Ankle

Minimize:

■▀compromized▓▀compromized

https://doi.org/10.1007/s10514-012-9294-z

